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e Basic concepts of MPC

e Solution algorithms (quadratic optimization)
e Hybrid MPC

e Stochastic MPC

e Decentralized MPC

e More detailed lecture notes:

http://cse.lab.imtlucca.it/~bemporad/teaching/mpc/imt
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Model Predictive Control: Basic Concepts
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Model Predictive Control (MPC)

model-based

optimizer process
reference -gJ input - output
— | - — —>
r(t) () y(t)

393 RESEE £RE

| measurements \

Use a dynamical model of the process to predict its future
evolution and choose the “best” control action
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Receding horizon control

e At time ¢: solve an optimal control problem over a future horizon of N steps

past |
pena/iy on e nd/Z‘y o - T = Q
Crack "’7\9 error actuation ef#ort
N—-1 | /”ﬂ\ — >
min Y LQyp — (¢t + k){ug) t+N |
k=0 — \
S.t. Th41 = f(ack,uk) e k)
yr = g(xg, up)
constraints on wug, g, Y
(=(1))
| t+1  t+1+k t+N+1 ]
e Apply only the first optimal move u*| row the rest of the sequence away

MPC transforms open-loop optimal control int o ontrol
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Receding horizon examples

e MPCis like playing chess !

e “Rolling horizon” policies are also used
frequently in finance m

e Drivers use “receding horizon” control too!
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MPC of linear systems

— > — o
linear model { YR+t = ATkt Buy i s
= (Cx RQ=Q >0
Yk k
P=FP %0
N-1
performance index minayPry + > z,Quy 4wy Ruy ro = z(t)
k=0

uo
u1

1
% mUin EZ/HZ + /() F'z +
s.t. Gz< W+ Sxz(t)

ﬁ _U’N—l_

U

(?xk

’/ "

Umax
Ymax

Umin

VARIVAN
VARIVAN

constraints {
Ymin

MPC problem maps to a convex Quadratic Program (QP)
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Linear MPC algorithm

past {future ,(; |
Lt L 2 o
. . ~ Predicted outputs |
At each sampling time ¢: o
| Manipulated
: Input
e Measure (or estimate) — iR —
+ +/N |
the current state x(?) |
e Solve the QP problem S /
QPp min 52 Hz + x' (1) Fz

s.t. Gz <W 4+ Sx(t)

and let z"={wo",...,un1"} be the solution

e Apply only u(t)=uo" and discard the remaining optimal inputs

Honeywell

Routinely used in the process industries aspen ,‘--\:H;
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Model Predictive Control Toolbox

B d, Ricker, Morari, 1998-
e MPC Toolbox 4.0 (The Mathworks, Inc.) (Bemporad, Ricker, Morari, 1998-2013)

mo

— Object-oriented implementation (MPC object)

dqmv  MPC ref

ma

— MPC Simulink Library TR CoToR

— MPC Graphical User Interface

MATLAB

R2012a(7.14.0.54917)
64-bit (maci6d)
October 2, 2011

— Code generation [RTW, xPC Target, dSpace, etc.]

— Linked to OPC Toolbox, System ID Toolbox, ...

http://www.mathworks.com/products/mpc/
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Basic convergence properties

Ax(t) + Bu(t)

Theorem. Consider the linear system z(t+ 1)
Cx(t)

y(t)

and the MPC control law based on optimizing

N—-1

V*(z(t)) = min > 1. Qx), + u) Ruy,
k=0

S.t. Th41 = Amk —+ Buk

Umin < Uk < Umax

Ymin < Cxp < ymax

N = 0 &=— — “terminal constraint”’

with R,Q)>0. If the optimization problem is feasible at time =0 then

im z(t) =0
t—0o0
lim u(t) =0
t—00

and the constraints are satisfied at all time >0, for all R,(Q>0

For general stability result see
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Convergence proof

Main idea: Use value function V*(x(¢)) as a Lyapunov function

e Let U; = optimal control sequence at timet, Uy = [ul ... uly_4]

e By construction U;q1 = [u} ... uly_; 0] is afeasible sequence at time t+1
 The cost of U;y1 is V*(a:(t))—x/(t)Qx(t)—u/(t)Ru(t@V*(x(t—l— 1))

o V*(x(t)) is monotonically decreasing and >0, so Htingo V*¥(x(t)) = Voo

e Hence 0 < 2'(t)Qz(t)+u'(t) Ru(t) < V*(x(t))—V*(x(t+1)) — 0 for t — oo

e Since R,Q>0, Ilim z(t) =0, lim u(t) =0 n
t—00 t—00

Global optimum is not needed to prove convergence !
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MPC of linear systems - Tracking
e Tracking a reference r(%):

Aup = up — up_1

N—-1
1
min >, Sk —r(@®)'SCy — () + AukTAuk S=52>0
k= O

T=T >0

e Integral action: include integral of tracking error Ix41 = Iy + (yx — r(t))
in the prediction model and penalize also 21’ Sl
Idea: »(t) =r, I, - const =y, —r —0

Az + Bug + Byv(t)
Cxy + Dyv(t)

Lhk41
Yk

* Rejection of a measured disturbance v(%): {

All the above linear MPC problems map into a convex QP
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MPC of linear systems - Preview

¢ Preview (a.k.a. “anticipative action”):

N—-1
. 1 1
min Y =(yp—r({t+k)) S(yp—r(t+k))+=Au T Auy
U =2 2
Output / reference Output / reference

os| USE ’I"(t) ‘] o.s’ Us€ T(t—l_k) | ‘

0 S 10 15 0 5 10 15
Input Input
2 - T 5

2 F T ' R
1 - —11’\-’ 1 - ]U\—_
0 '+ - 0 - .

0 S 10 15 0 5 10 15

® Preview on measured disturbance
Az + Buy + Ev(t + k)

Tk+1
{ Yk Cxp + Fo(t + k) both still map into a convex QP

L — E———
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MPC of linear systems - Improving robustness

o Extend the prediction model by adding constant unknown disturbances

( Llt+1 — A$k+Buk‘|‘dek
y dk+1 = dg
. Yk = Cuxp+ Dgdg

* Use the extended model to design a state observer (e.g., Kalman filter)
that estimates both the state z(¢) and disturbance d(t) from y(%)

e Main idea: observer makes y(t) — (Cz(t) + D;d(t)) — O (estimation error)
MPCmakes Cz(t) + Ddd\(t) — 1r(t) (predicted tracking error)

—  the combination makes vy(t) — r(t) (actual tracking error)

e Explanation: in steady state, the term D d(t) compensates for model
mismatch (=same effect of integral action, but at the observer level)

A. Bemporad “Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013 14



Linear time-varying MPC

e MPC can easily handle linear time-varying (LTV) problems

Gt () Yoy, + Byt 2 (8) )y, + fi(t, 2(0))
yp = Cp(6z(t)zy + Dy(t, z(t))uy + gp(t, =(1))

—N—
S
=
_I_
|—l
|

min Y ék(yk,uk(t + k), t,z(t)) ¢, = quadratic function of y, uy
1
min iz’H(t)z + F(t)'z fbd(/t) LTV-MPC still leads to
s.t.  G@{)z < W(t) 2 Comye Ol

e Applications: time-varying systems (e.g.: aerospace), NL systems
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Example: LTV-MPC for UAV navigation

e Goal: navigate two vehicles among obstacles to target position

e Dynamical model = 2nd-order transfer function

e Constrains are time-varying
polyhedral approximations of
the feasible space

e Each UAV solves its own
LTV-MPC problem

e Previous optimal sequences
are exchanged to improve
cooperation

A. Bemporad
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Computing the MPC control action

min %Z/HZ + 2/ () Fz

z

s.t. Gz <W 4+ Sx(t)

S— —
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Requirements for Embedded MPC algorithms

e Speed: fast enough to provide a solution within
short sampling intervals (such as 10-100 ms)

e Require simple hardware (microcontroller/FPGA)
and little memory to store problem data and code

» Code simple enough to be software-certifiable - m

» Tightly estimate worst-case execution time to certlfy ®
hard real-time system properties | Wi
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Linear MPC - Unconstrained case

e Minimize quadratic function, no constraints B ) N y“ku;s
1 moutputs
min f(z) = =2’ Hz+ 2'(t)Fz @ii/—_‘—'_zv\_a;p—ulated Uk |
< P | Inputs
bt t+N

uQ

u

e Solution: Vf(2) =Hz+ F'z(t) =0 z = 51
UN-1

— = —H 1Fz)

>  uw(@)=—=[I 0 ... OJH 1Fx(t)

Unconstrained linear MPC = linear state-feedback !
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MPC and Linear Quadratic Regulation (LQR)

N—-1
eSpecial case: f(z) = min enPry + Y x.Qxp + upRuyg,
k=0

with matrix P solving the Algebraic Riccati Equation

P=A'PA— APB(B'PB+ R)" 1B PA+Q

— — Jacopo Francesco
Riccati (1676 - 1754)

* (unconstrained) MPC = LQR (for any choice of the prediction horizon N)

Proof. Easily follows from Bellman’s principle of optimality (dynamic
programming): «/\, Pz =optimal “cost-to-go” from time NN to oc.

e Result extends to constrained LQR case

(Sznaier & Damborg, 1987) (Chmielewski & Manousiouthakis, 1996) (Scokaert & Rawlings, 1998)
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Solution methods for QP

Most used algorithms for solving QP problems: min. %Z’Hz 4+ 2 F

e active set methods (small/medium size) st. Gz< W+ Sz

e interior point methods  (large scale) Quadratic Program (QP)
+ gradient projection methods -

"’4 -
> -
-l -
“ o - \
-:..",: = N
......... s o ~ MY s
o () .../.-.-_.j..'_,_ SR, L g0
P S e |
e conjugate gradient methods A G
R/ AL ISP O I P
‘-‘.l’.".','.'.-//" I B PP
P o4 4 4 J 57 P ’
"‘.-'.
’
,

» augmented Lagrangian methods
(and alternating direction method of multipliers) ¢

A useful performance comparisons of many solvers can be found at
http://plato.asu.edu/quide.html
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Gradient projection method
o . . e (Goldstein, 1964)
° Optlmlzatlon prOblem: g&'g f(2) Q.QRRS_) R (Levitin & Poljak, 1965)

e Assume fis convex and has Lipschitz continuous gradient

|Vf(z1) = Vf(22)] < L|jz1 — 22| V21,20 € Z

o Algorithm: given initial guess zo, iterate

2k+1 = Pz (Zk — %Vf(Zk))

where P, (z) = projection of z on Z and is “easy to compute”

e Example: Z={z€R’: z>0} — Py(z) =max{z, 0}

L

e Convergencerate: f(zp41) — f* < 2(k + 1)

lzo — 27|
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Gradient projection method for QP (very simple!)
e QP problem: 1

min —ZHz+ 2'Fz z = optimization vector
22 T = parameter vector
s.t. Gz< W+ Sz

 Apply gradient-projection to dual QP in Lo Do+ WY
min. Y y+ (Dz + W)y
M = GH G’
D = GH 'F'+ s
m
L = max eigenvalue of M, or L = \ > \Mi7j|2 (Frobenius norm)
1,J=1

e Iterate ypt1 = max{(I — +M)y;, — +(Dx + W),0} from yo=0

until convergence to optimal y* (guaranteed if QP is feasible)

e Set ¥

A. Bemporad

= —H 1(G'y* + F'z)

“Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013 23



Fast gradient projection method

(Nesterov, 1983)
e Assume again f convex and V f Lipschitz continuous

o Algorithm: given initial guess z.1 =z, iterate

wy, = 2+ Br(2r — 2K—1)
Py (wy, — TV £ (wy))

k=20
k>0

®
xS
N
T O
-+ |
N

“k+1

o . Z Z
Convergence rate: k+1 = (k+2)2 0

_Z*HQ
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Fast gradient projection for (dual) QP

(Patrinos, Bemporad, 2012)

e Take f = dual QP function. Iterations can be written as

wr = Y+ Be(ur — Yr—1) i
2z, = —Kwp — Jx l((] z Z—lg/
S = %szz — %(Saz + W) y-1 =10=0
Yea1 = max{y, + si, 0}
e Termination criterion #1: primal feasibility 1
S5, SZEG, Vi=1,...,m

e Termination criterion #2: primal optimality

f(z) = * < £(21) = d(wy) = —wpsL < ey —whsp < ey
L

G
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Numerical results

10

10

0 5 | | | | | —DANTZGMP
Crg// | —QUADPROG/
e GPLEX '
S /... |—QPKWIK
......... .........]—QPOASES
0 1 I0 2IO 3IO 4I0 5I0 6I0 7I0 8I0 9I0 100

number of variables

Average CPU time on random QP problems with n variables and 2n constraints

[standard algorithm with complexity O(n?)]
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Fast gradient projection for (dual) QP
(Patrinos, Bemporad, 2012)

e Main on-line operations involve
only simple linear algebra S e L R

beta=(i-1)/(i-2).*(i>0);

w=y+beta*(y-y0);

e Few lines of (Embedded) MATLABRB 2=- (iMGHwHiNc) ;

s=GLz-bL;

or Python/Numpy code! yo=y;

$ Check termination conditions
if all(s<=epsGL),

gapL=-w'*s;

if gapL<=epsVL,

* Operations can be easily parallelized _ retum
(for example on GPU)

end
y=max(w+s,0);

i=i+1;

e Each iteration has complexity O(NV?) end
N = prediction horizon| (matrix-vector product)

 Using Riccati-like iterations, complexity gets down to O(NV)

e Tight bounds exist on maximum number of iterations

A. Bemporad “Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013 27



Numerical results

CPU time [ms]

—658

m |

658

-85

7 |

—658—

(Wang, Boyd, 2008)

number of iterations

M [N |GPAD Gurobi 5.0
avg max avg max
2110 0.40 1.09 4.48
2130 0.76 3.22 5.64 9.777
4110 1.41 2.63 5.61 7.49
6|30 8.35| 15.52 15.22| 23.57
8120 8.65| 14.95| 16.42| 18.36
15|10 11.00| 1lo6.062| 21.52| 22.95
20120 39.01| 82.32| 82.71| 134.05
30130 128.1| 218.13 202.35| 465.80

M |N |GPAD Gurobi 5.0

avg max | avg max
2110 19.90 60 5.42 ]
2| 30 20.40 100 5.50 7
4110 41.80 80 6.05 8
6| 30 52.20 100 6.57 8
8| 20 52.20 90 6.51 8
15110 54.00 80 ©6.56 ]
201 20 61.60 140 6.85 8
30| 30 62.00 100 6.94 8

QP interior point solver of Gurobi 5.0

tolerances: ey = € = 1073 (results averaged on 100 random states p)

A. Bemporad

“Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013

28



Solving QPs in fixed-point arithmetics

e Fixed-point arithmetics is very attractive for embedded control:

— Computations are fast and cheap
— Hardware support in all platforms

e Cons:

Fraction kength

i ol

~

-~

b % | b b. | b

4

by

by

b,

b,

\

Sign b Rudix point

— Accumulation of quantization errors
— Limited range (numerical overflow)

Lecst significant bit

e Dual gradient projection method for QP works very well in fixed-point !

A. Bemporad
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Solving QPs in fixed-point arithmetics

(Patrinos, Guiggiani, Bemporad, 2013)

Result 1: Convergence to feasibilit | a® LD? | s¢g a>1
° ’ m'ianZ(Zk) = a-1a4n o (e.g., a =2)

—— S

Result 2: Convergence to optimality  f(z;)—f* < 2(kﬁLl)(||y*||2—|—||yo||2)—|—6a

| eee— E—

—1

Result 3: Design guidelines @k logs

\Z V \\mf i
N o

# fractional bits

desired solution “quality”

max constraint violation

p=06 (=double prec15|on)

| | |
o 05 1 15 2 25 3 35 4 45 5 _ .
lterations x 10* lterations x 10*
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Feasibility of QP problem

N—ll

. 1
min > §(yk —r(t) Sy —r(t)) + §AU2TAUJI@
k=0

Aumin<Auk§Aumax, k:O,...,N—l

Ymin < Yk < Ymax, k=1,..., N

e Feasibility: Will the QP problem be feasible at all sampling instants ¢ 2

e Input constraints only: no feasibility issues !

e Hard output constraints:

e When N<oo there is no guarantee that the QP problem will remain feasible at
all future time steps ¢

e N=o0o === infinite number of constraints!

 Maximum output admissible set theory: N<oo is enough'!
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Soft constraints

e Mail idea: use soft output constraints

N-—1
1 1
min > —(yp — r(t)'S(y, — r(t)) + =Au, TAuy, + De€”
z — 2 2

subj. to umin < ur < umax, k=0,...,N —1

Aumin<Auk§A’UJmax, k:O,...,N—l

Ymin — €Vmin < Y < Ymax + €Vmax, k=1,...,N

— A ! bl N /
€ = “panicn Varlable Z [AU.. (O) AU. (1) .o Al.l. (‘\ 1) (]

pe > WY, H'Au

Voin Vinay = vectors with entries >0 (the larger the i-th entry of vector V

the relatively softer the corresponding constraint)

e QP problem always feasible, in spite of modeling errors, disturbances,
wrong MPC setup (e.g., prediction horizon is too short)
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Limit QP complexity: different prediction horizons

N—ll

. 1
min kz—:o E(yk —r(t)' Sy, —r(¥)) + QAUZTA% + pee”

subj. to umin < ur < umax, k=0,...,N =1
Aumin < Aug s-Dumax, k=0,..., N —1

Ymin — €Vmin < TE< ymax + €Vmax, E=1,...

e The input horizon N, limits 0 .
the number of free variables J_I !

— Loss of performance : .
— Decreased computation time ] E—
(QP is smaller, less primal variables) '

[ tEN, t+N. t+N

» The output constraint horizon NV, limits the number of constraints

— Higher chances of violating output constraints
— Decreased computation time (QP is smaller, less dual variables)
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On-Line vs off-line optimization

min, %Z/HZ + 2/ (t) Fz

s.t. Gz< W4 Sz(t)

| —— E———

e On-line optimization: given x(t) solve the problem at each time step ¢
(the control law u=u(x) is implicitly defined by the QP solver)

==p Quadratic Program (QP)

e Off-line optimization: solve the QP for all z(¢) to find the control law
u=u(x) explicitly
===p multi-parametric Quadratic Program (mp-QP)

A. Bemporad “Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013
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Explicit model predictive control
min, %z’Hz—I—a:’(t)Fz

s.t. Gz< W+ Sz(t)

| — T

Idea: solve the QP for all x(t) within a given range of R” off-line
| > multi-parametric programming problem

Linear MPC is a continuous and piecewise affine control law !

while ((num<EXPCON REG) && check) {
;:i’;:“{";::;’“zl &L i1sinside) { \
Fiz+ g1 if Hiz < Kq - | o °( gd :?5:’355@5:5:? T e
/v e & violates
u(z) = < | e }’1'}
i —— if (isd~ ,t 0~.
\ Fpype4+gpp it Hye < Ky ‘. Jué
. ﬁlt /* ge t delimit il
(Bemporad, Morari, et al., 2002) | eemeCon_leatnun; /* get next delimiter i2

}
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Explicit MPC of a ball & plate system

Two explicit MPC controllers
x-axis = 22 regions,
y-axis = 23 regions sample time = 20ms
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Explicit MPC for idle speed control

(Di Cairano, Yanakiev, Bemporad, Kolmanovsky, Hrovat, 2011)

e Ford pickup truck, V8 4.6L gasoline engine

e Process:

- 1 output (engine speed) to regulate
- 2 inputs (airflow, spark advance)
-input delays

e Objectives and specs:

- regulate engine speed at constant rpm
- saturation limits on airflow and spark
- lower bound on engine speed (>450 rpm)

e Problem suitable for MPC design  (Hrovat, 1996)
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Explicit MPC for idle speed - Experiments

(Di Cairano, Yanakiev, Bemporad, Kolmanovsky, Hrovat, 2011)

. ) : | 750
v " : .
" 5 }
+ $ " 700
A ' N '
70‘\. : M :: ' ol
'
'

o

o

(=)
T

o
o
[

o
o

yrpmlrpm]
o

yrpmlpm|
18,]
o
(&)

o
o
(=]

450 ‘ :
:: g 350
-
N b
400 1N 1 'l 1 LY 300 i I I i 1
10 W 30 40 50 80 80 10 15 20 25 0 35 40
me (s) ime (s)

Load\torque (power steering)

peak reduced by 50% convergence 10s faster

explicit MPC

------------------ baseline controller (linear)

set-point
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Complexity of explicit MPC

e Number of regions depends on number of possible
combinations of active constraints

e Weak dependence on number of states and references

e On-line QP vs explicit MPC comparison:

# regions

2N | QP (ms) explicit (ms) regions [storage kb]
: average worst average

4 1 (1) 15 0.005; 16

8 3 1.9 0.023 . 78

20 2.5 2.6 0.038 3.3 1767 811

30 53 [ 0.069 4.4 5162 2465

40 @ 13.0 0.239 <1;5.‘6) 11519 (55”98‘)
~ | (Intel Centrino 1.4 GHz)  ¥.g

: 3
. 2
....
.....
.
0 3
. .
0 ae
'''''
______

.
.
i3
X
tiad
ciad

‘e
‘e
0
.,
0
‘e
.,
‘e
o

]
.
i

.
.
PO

e Explicit approach typically limited to LTI-MPC problems with
6+8 free control moves and 8+12 parameters (states+references)

e Embedded QP methods are preferable otherwise
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PWA approximation of MPC over simplices

e Approximate a given linear MPC controller by using canonical PWA functions
over simplicial partitions (PWAS) (Bemporad, Oliveri, Poggi, Storace , 2011)

A N A

Az, %4&% % @ (r) = iwk O () = w'e(z)
k=1

approximate MPC law

Weights wi optimized off-line
to best approximate a given MPC law

0

http . //WWW . mOdeiC—'prO'.l ect. e'L'I./ SEVENTH FRAMEWORK

PROGRAMME
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PWA approximation of MPC over simplices

e Extremely cheap: PWAS functions can be directly implemented
on FPGA, or even ASIC (Application Specific Integrated Circuits)

e Extremely fast computations (10-100 nanoseconds)

ﬁf C)‘/‘fer/on COIltI‘Ol p Latency (A -‘ B) [HS] O/?//‘ne Z(I‘Me
7 170 GBL) 2o compute MPC
31 238 - 45 Architecture A:  (Xilinx Spartan 3 FPGA)
63 272 - 46 mainly serial
7 170 - 31 ,
31 938 - A5 Architecture B: MIMO system dynamics
/ fully parallel
363 272 - 46 "y paratie $k+1:[162 11]%4—[2 ”uk

# per‘/Z(/onS ~ Yk = “ (1)] T

Exact explicit MPC: 52 regions
<383 ns (avg) - 486 ns (max)>

per dimension subject to saturation on u and y

® CIOSQd-lOOp Stability results are available (Bemporad, Oliveri, Poggi, Storace, 2011)

(Rubagotti, Barcelli, Bemporad, 2012)

% Curse of dimensionality (wrt to state dimension)
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PWA approximation of MPC over rectangles

o Approximate a given linear MPC controller by using regular PWA functions

over hyper-rectangular partitions (PWAS) (Liang, Heemels, Bemporad, 2011)
39 regions [ o 16 regions Cumulated cost J
- ’ | |
) % 05 1
0, :
1 Memory size
0 / : A 4 ' : |
o5 AU | | 200F - ---- oA
X -1 = o 5; . 1 15 15 ) ) ' . s 0 ; /
2 45 - -?(5 0 2 1.5 1 05 ‘0! 05 1 15 2 0 0.5 1
’ (Johansen, Grancharova, 2003) Y
. . # clock cycles - mPWAR(B)
e Key idea: use optimal PWA cost as a control Lyap. fnc 40 ——————= EELTTE
200
e Main features of suboptimal control law: % 05 1

- Can be computed (off-line) by solving a linear program (LP)
- Closed-loop stability and degree of performance loss are guaranteed a priori
- Fulfillment of input and state constraints is guaranteed a priori 4

. . . . 4*9,‘9
- Tradeoff between controller complexity and suboptimality is selectable ™\ %~
A. Bemporad
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Hybrid dynamical systems

o 2
e

u(k) contmu.ous
— > | dynamical
system

z (k)

hybrid
dynamical
system
e VVariables are discrete-valued e \Variables are real-valued
r e {0,1}", uwe {0,1}" r € R, ue R™e

e Dynamics = finite state machine

* Logic constraints

A. Bemporad

e Linear inequality constraints
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o Difference/differential equations
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Piecewise affine systems

state+input space

x(k—+ 1)
y(k)

Az (k) + Bjpyulk) + fir
C’Z(k)x(k) T Dz(k)u(k) T gz(k)

e

reR" weR™ yeRP ie€{l,...,s}

*2 (1) 20

Can approximate nonlinear and/or discontinuous dynamics arbitrarily well
AT

w

-
Ic," ¢, ¢, ¢,
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Discrete Hybrid Automaton (DHA)

(Torrisi, Bemporad, 2004)

discrete
Event Generator xc( k)
de(k)
Switched Affine System
- : wue(k) re(k+1) =
Finite State Machine J Aze(k) + Biue(k) + f;| ——> .
bwﬁ(k + 1) = discrete . ) xC( )
L EY S (K[ time [ > T=1
Ue(k) fB(xﬁ( )7“6( )7 6( )) counter
O— O zo(k)
= mode|i(k)
___,| Mode Selector 1)
ug(k) e
so(k) e
. i = fm(xyg, ug, Oe) ,
continuous
ry € {0,1}" = binary state re € R = real-valued ;tate
up € {0,1}™ = binary input uc € R'™e = real-valued input
de € {0,1}" = event variable i€ {1,...,s} = current mode
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Mixed Logical Dynamical (MLD) systems

e Any logic formula involving Boolean variables can be translated into a set
of integer linear (in)equalities (Raman, Grossmann, 1991)

_J = Example: 01 OR 6 = TRUE <@y 61+ 0, > 1

e ——

\ Mixed Logical Dynamical (MLD) system
HYSDEL r

. Tk+1 = Az + Biug + B2dg + B3z, + Bs
mod.e.llng language < v, = Oz}, + Diug, + Dod), + D3z + Ds
(Torrisi, Bemporad, 2004) \ E>8, + Eizzp < Egxi + Eiup + Es

emporad, 1999

* x,u,1,2,0 contain mixed-integer (=real and binary) components

e MLD systems and PWA systems are equivalent
(Bemporad, Ferrari-Trecate, Morari, 2000) (Heemels, De Schutter, Bemporad, 2001) (Bemporad, 2004)
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Example: Room temperature control

rm-'n
H-‘H air conditioning
J !
| Ucold Tk
\ Upot, I # s——
. n # amb

1 & 4" 1
heating | ey Yase
discrete dynamics continuous dynamics
e #1=cold — heater=on -
e #2=cold — heater=on unless #1=hot dat ~ai(Ti = Tamp) + Fi(tnot — Ucola)

e A/C activation has similar rules 1 =1,2
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Example: Room temperature control

SYSTEM heatcool {

INTERFACE {
{ REAL T1 [~-10,50);
REAL T2 [-10,50]):
}
{ REAL Tamb [-10,50]:
}
: {
REAL Ts, alphal, alpha2, k1, k2:
REAL Thotl, Tcoldl, ThotZ, TcoldzZ, Uc, Uh;
}
}
INPLEMENTATION (
{ REAL ubhot,
BOOL hotl,

ucold;
hot2, coldl, cold2;

{ hotl = T1>=Thotl;
hotZ = TZ2>=Thot2:;
coldl =~ Ti<~Tcold1l:
cold2 = T2<=Tcoldz:;

{ uhot = {IF coldl | (cold2 £ ~hotl) THEN Uh ELSE 0}
ucold = {IF hotl | thotZ2 & ~coldl) THEN Uc ELSE 0):

{ T1 = Ti+Ts*(~alphal®*(T1-Tamb) +k1* {(uhot-ucold)):
T2 = T2+4Ts* (-alpha2® (TZ2-Tamd) +k2 ¥ (uhot-ucold) )’

e Equivalent PWA model consists
of 5 regions

A. Bemporad

e Model described in HYSDEL and
converted to MLD form
(20 mixed-integer inequalities)

Section for Tam=25 0cC
BE) s 7ooss voner tapen vonan Poneuronss romes (onsaronvy sova ures ronss fomeu Fananrs

(1] JTRERRTIEEeTe

Temperature T2 (C)
&3

Temperature T, (C)

R —

heater on

both off A/Con
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MPC of hybrid systems

MLD model

performance index

% ming %f’Hg—I—a:’(t)Fg - ug |

Yk

min =’y Pz + Z az;Cka + u;CRuk

Axyp. -

- Bluk -+ BQék —+ Bgzk —+ B5 xog = x(t)

C:Ck =

ﬁ s.t. GE<W + Sx(t) continuous and 5o

linear and logic constraints

T

MPC implemented by solving a Mixed-Integer Quadratic Program (MIQP)

- Dyug + Doog + D3z + Ds

| E2d, 4+ Ezzp < Egqry, + Eiug + Es

R -0
Q' =0
P’EO

N-1

TO
|

k=0

£ € R x {0,1}b

binary components § =

ZN-1 |

Alternative: Mixed-Integer Linear Program (MILP) formulation

A. Bemporad
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Example: Room temperature control

Temperature T2

e MPC problem formulation NN
aoflf \
2 sof N\
min > |zo(k) — 7 111111 -
k=1 VooV VY
s.t. xz1(k)>25, k=1,2 \ % 0 20 80 40 50 6 70 8 90 100
hyb”d dynamiCS r{IL‘N/f.//_/l_ ] Temperature T, air conditioning
—_—

« MPC optimization problem (MILP) o & % & & & % & &

Temperature Tamb

50 ! ! ! ! ‘ ‘ ! ! !
20 optimization variables T 1 W (0 N A T v
(8 continuous, 12 binary) sl N
35 ‘ ‘ ‘ ‘ ‘ ‘
46 mixed-integer linear inequalities sob Lo
25

i i i i i i i i i
10 20 30 40 50 60 70 80 90 100

CPU time =1.3 ms per time step | (M CPLEX 11.2, this Mac)
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Example: Room temperature control

e Explicit solution

(Borrelli, Baotic, Bemporad, Morari, 2005)
(Mayne, Rakovic, 2002)
(Alessio, Bemporad, 2006)

12 polyhedral regions
and linear gains

!

384 numbers to store

In memory
Note: explicit form
does not change the
CPU time = 0.8 ms | (compiled C-code, this Mac) control law at all !
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Hybrid Toolbox for MATLAB

Features:

o Explicit MPC control (via multi-parametric programming)

e Simulink library

e C-code generation

(Bemporad, 2003-2013)

Supported by

File Edit View Foma Help

N\ Library: hyblib

Mybeid Controler

{ Explicit |

Exphcit Mybrd Controler

y 4 ' avvteov '

Ducoein

o
. Ec:m.m:l
b

Mybrd MLD System

Hytekd PWA Syatem

N -

e Hybrid models: design, simulation, verification

e Control design for linear systems w/ constraints

and hybrid systems

5000+ download requests
since October 2004

e Interfaces to several QP/LP and Mixed-Integer Programming solvers

http://cse.lab.imtlucca.it/~bemporad/hvbrid/toolbox/

A. Bemporad
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Stochastic MPC

e [n many control problems decisions must be taken under uncertainty

- -—Jm‘ ! ® .7 | \

wmd/solar power

1998 1997 2998 1999 2000 2000 2002 03 Joo4 2008 X

prices human (inter)action
wireless networks

e Robust control approaches do not model uncertainty (only assume
that is bounded) and pessimistically consider the worst case

e Stochastic models provide instead additional information about
uncertainty
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Stochastic Model Predictive Control (SMPC)

stochasticity
model-based  w(t)

optimizer \ process

reference input _ |, % \\/ output
r(t) u(t) J - l S y(t)

| measurements i

Use a stochastic dynamical model of the process to
predict its possible future evolutions and choose the
“best” control action

A. Bemporad “Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013
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Stochastic Model Predictive Control

e At time t: solve a stochastic optimal control problem over a finite future
horizon of N steps:

N—1 |
i E —r(t+ k
min w ];::O (Qyp —r(t + E), ug) x(t) = process state
s.t. zp41 = f(zg, ug, wg) u(t) = manipulated vars
ur = 9(Tk, ug, W) y(t) = controlled output

Umin < U < Umax

Ymin < Yp < Y Vo w(t) = stochastic disturbances
min = >~ Ymax,

xog = x(t)

e Only apply the first optimal move u*(t), discard u™(t+1), u™*(t+2), ...

e At time t+1: Get new measurement z(t+1), repeat the optimization.
And soon...

A. Bemporad “Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013
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Linear stochastic MPC w/ discrete disturbance

e Linear stochastic prediction model

z(t+1) = A(w(t))z(t) + B(w(t))u(t) + H(w(t))

e Discrete disturbance

w(t) € {wy,...,ws} p;(t) = Pr[w(t) = w;] lej(t) =1, Vt>0
i=

* Probabilities p;j(¢) can have their own dynamics. Example: Markov chain

min = Prlz(t + 1) = 25, | 2(1) = %], i,h

( | /\
o[ cofjo
pi(t) = < :
7 ey 1 2(E) = 2y T3

e Discrete distributions can be estimated from historical data (and adapted on-line)

|
\'I—‘
<
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Cost functions for SMPC to minimize

N-1

performance: > J(u, w) = Z Ly, —r(t+ k), uy)
k=0

A H1SK

e Expected performance

min Ly [J(u, w)]

“\\_min max

=

e Tradeoff between expected performance & risk

Werdﬁe /oS

min Ly, [J(u,w)] + pVar [J(u,w)]

e Conditional Value-at-Risk (CVaR) p(w)] ok | things go wrong
. J(u,w)=o
rzr),io? {a + mE[max(J(u, w) — «, O)]} (Rockafellar, Uryasev, 2000) /
= minimize expected loss when things go wrong (convex if J convex!) B=95% \[ 5% ;
N ;

e Min-max

min{max.J(u,w)} =minimize worst case performance
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Stochastic program

e Enumerate all possible scenarios {w},w?,...,wk_1}, i=1,...,8 S = sV
~ N-1 |
e Each scenario has probability p/ = [] Prlw; = wj]
k=0

e Each scenario has its own evolution :c‘,iJrl = A(w‘,i)x‘,i + B(wi)uij
(LTV system)

e Expectations become simple sums

N-1
min Ey, a:?vacN -+ Z CE%QQ?]{ -+ u;cRuk
k=0

s . . N-1 | | |
i 3 9 (el X (ahYard + '

j=1 k=0

This is again a quadratic function of the inputs
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Scenario tree

<
®
k=0 k=1 k=N
. /
e Scenario = path on the tree ——
jmin...+p(27) Qe + .. |
e Number S of scenarios = number of leaf nodes  Ymin < Yk < ymax, Y

e Some paths can be removed if their probability is very small (at your own risk)

h

e Causality constraint: u{c = uj; when scenarios j and h share the same node at
prediction time k (for example: u}, = ug at root node k=0)

A. Bemporad
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Scenario tree generation from data

e Scenario trees can be generated by clustering sample paths

e Paths can be obtained by Monte Carlo simulation of (arbitrarily complex) models,
or from historical data

scenario trees

€07 = 0.4

/
e

scenario “fan” (collection of sample paths)

Heuristic

Multilevel
Clustering

T — S

(Heitsch, Rémisch, 2009)
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Scenario enumeration

g g H wy_1 _5®@ Ty h
: wQ WN-1
u0 E @
is 1
 ub e 0
E § N-18 ¢
® N
4 . : . )
EUO wQ ul WA
zo = z(t) ¢ >o———>D 7y
4 1 )
. WN_1 >@ lev
; : > :
v = a(t)q i ?
j >0
i s 5
5 —=L5>0 7k
\_ k=0 k=1 k=N )
A. Bemporad

scenario tree

Causality is exploited: decision ux only depends

on past disturbance realizations {wg, w1, ..

deterministic

L, We_1}

Only a sequence of disturbances is considered

e frozen-time: Wi
e anticipative action: wy,

scenario ‘“fan”’

=w(t+ k)
o “expected” problem: wy, = E[w(t + k)|t]

w(t), Vk (causal prediction)
(non-causal)
(causal)

e generate a set of scenarios (Monte Carlo simulation)
e decision ux also depends on future disturbance

realizations {wk, Wh41,5 - -

L WN_1}
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Open-loop vs. closed-loop prediction

4 )
ul w1 @ TN
ug wo HS— o |
z0 = z(t)¢ ' )
: > Ui wy_y 5@
; ° ] w1 |
® =N
(

closed-loop prediction

A proper move u is optimized to counteract each
possible outcome of the disturbance w

open-loop prediction

Only a sequence of inputs {ug, ©1,...,un_1}
is optimized, the same u must be good for all
possible disturbance w

e |ntuitively: OL prediction is more conservative than CL in handling constraints

e OL problem = CL problem + additional constraints v/ =u, Vj =1,...,S
(=less degrees of freedom)

A. Bemporad

“Model Predictive Control” - 5th HYCON2 PhD School - Lucca, 1-5 July, 2013

64



Scenario-based stochastic MPC

Existing literature on stochastic MPC

(Schwarme & Nikolaou, 1999) (Munoz de la Pena, Bemporad, Alamo, 2005) (Oldewurtel, Jones, Morari, 2008)
(Wendt & Wozny, 2000) (Couchman, Cannon, Kouvaritakis, 2006) (Ono, Williams, 2008)
(Batina, Stoorvogel, Weiland, 2002) (Primbs, 2007) (van Hessem & Bosgra 2002) (Bemporad, Di Cairano, 2005)

(Bernardini, Bemporad, 2012)

N-1

. . / / /
e Performance index min By |2yPzy + ) 2,Qxy + ujRuy
k=0

* Goal: ensure mean-square convergence |im E[x'(t)x(t)] = 0 (for H(w(t))=0)
— 0O

* The existence of a stochastic Lyapunov functionV (z) = 2’ Px

ByuolV @(+D]-V(@®) < —e()La(t), ¥t>0  L=1'>0

. (Morozan, 1983)
ensures mean-square stability
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Linear stochastic stabilization

e Assume w(t) € {w1,...,ws} and constant probability p(t) = p, V¢

e The stochastic convergence condition EypV(z(t+1)] = V(z(t)) < —z(t) Lx(t)
can be recast as the LMI condition

i Q Q vpi(AQ+B.Y) - /b (AQ+BY) ]
Q 114 0 0 Q=Q >0
VD1 (A1Q+B,Y) O @ ~ 0
5 5 - = W=WwW >0
| VP:(AQ+B.Y) O @ _

(Bernardini, Bemporad, 2012)

e The Lyapunov functionis V(z) = 2/Q 'z

» Mean-square stability guaranteed by linear feedback u(k) = Kz(k), K =YQ™?
L=w-!

e A minimum decrease rate L can be imposed
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Stabilizing SMPC

e Impose stochastic stability constraint in SMPC problem
(=quadratic constraint w.r.t. uo)

(Bernardini, Bemporad, 2012)

N—1
mul " £ kgO f(:l?k, uk) ;_zrrp ormance and
S.t. ajk+_1 — A(wk)azk :I— B(wk)uk SZ(QA/‘/{ZE/ are dedoap/ea/
E [V (A(wo)zo + B(wo)ug)] < 26(Q~ 1 — L)zo €—"
o = (1)
e SMPC approach:

1. Solve LMI problem off-line to find stochastic Lyapunov fcn V(z) = 2/Q 1z
2. Optimize stochastic performance based on scenario tree

Theorem: The closed-loop system is as. stable in the mean-square sense

e SMPC can be generalized to handle input and state constraints

Note: recursive feasibility guaranteed by backup solution u(k) = Kx(k)
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A few sample applications of SMPC

* Financial engineering: dynamic hedging of portfolios replicating synthetic
options (Bemporad,. Bgllpcci, G.abbriellini., 2009)
(Bemporad, Gabbriellini, Puglia, Bellucci, 2010)

(Bemporad,Puglia, Gabbriellini, 2011)

* Energy systems: power dispatch in smart grids, optimal bidding on

electricity markets (Patrinos, Trimboli, Bemporad 2011)
(Puglia, Bernardini, Bemporad 2011)

* Automotive control: energy management in HEVs, adaptive cruise control
(human-machine interaction)

(Bichi, Ripaccioli, Di Cairano, Bernardini, Bemporad, Kolmanovsky, CDC 2010)

* Networked control: improve robustness against communication
imperfeCtionS (Bernardini, Donkers, Bemporad, Heemels, NECSYS 2010)
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SMPC for real-time market-based power dispatch

(Patrinos, Trimboli, Bemporad, 2011)

e We are a legal entity trading on the energy (PX) and ancillary service (AS)
markets

e Objective: Minimize costs via efficient use of intermittent resources, and
maximize profits by trading on electricity (PX, AS) markets

e Constraints: Grid capacity, rate limits, load balancing, AS balancing

power generators intermittent resources loads

\/ —
[ p; ¥ power injection (decision) M |

reserve capacity (decision)

"~ intermittent generation (stochastic) ﬂ
= demand (stochastic)

: .. s —— PX

\= power exchanged (decision) A 02
/= power exchanged (decision) :

Strtq : : ed Ancillary

= required reserve for BRP (given) | i

L —— \ €rvices

) (AS) Market
' Iso stochastic required
energy prices are a tC ic reserve capacity
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SMPC architecture

(

-

Market/System
operator

~

stochastic|prices

‘---------\

A. Bemporad

markets

T ———— —————— ) ————

p energy exchanged
on the PXand AS

—{ QP solver

Scenario Tree

\ Construction r

\

- ——

Power system

P

\\~-___:ﬁ=i-____—’l
v

-----------------------------------------

stochastic load and intermittent resources
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SMPC for market-based optimal power dispatch

\.’\‘_\L photovoltaic

\ hydro-storage:

%4
R _-'—'g-{-
wind farm i

natural gas

eprlce http://www.e-price-project.eu/ 7

ENABLING THE FUTURE ENERGY SYSTEM S ROGRAMME
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SMPC for market-based optimal power dispatch

Exact knowledge

Algorithm Storage | No Storage
of future uncertainty N ][ Cost Cost Avg # of nodes

suneee NIl : N 79 [ 6879741

D | 9819518
" [[SSMPC (e, = 0.1) || 7134582 | 7245962 350
o [SSMPC (e,c; = 0.2) [[| 7144011 | 7249401 335
e e e L SSMPC (e, = 0.3) ||| 7148494 | 7250207 172
Deterministic: time- SSMPC (e, = 0.4) ||| 7179848 | 7264505 87
dependent SSMPC (e,el = 0.5) I 722491 | 7267497 50
: 'SSMPC (e, = 0.6) J|| 7239985 | 7277410 38
expectations used for  1soMpc (e, = 0.7) [ 7250491 | 7298023 31
future uncertainty SSMPC (e,o; = 0.8) ||| 7255246 | 7312092 26
SSMPC (e.q1 = 0.9) ||| 7260424 | 7318643 22
'SSMPC (e,e) 7260424 | 7318642 20

/ 1000

Stochastic formulation
—. 500t
=
s
Lo
power exchanged «—
-500 : ‘ !
With grid ° 5P?TUk(10 mixlgo o0
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SMPC for hybrid electric vehicles (HEVs)

(Bichi, Ripaccioli, Di Cairano, Bernardini, Bemporad, Kolmanovsky, CDC’10)

Control problem:

Decide optimal generation of mechanical power (from engine) and
electrical power (from battery) to satisfy driver’s power request
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Learning a stochastic model of the driver

e Driver’s action (power request) modeled by a stochastic process w(k)

¢ Good model for control purposes: w(k) generated by a Markov chain

T)ij = Plw(k + 1) = wj|w(k) = w;]

Number of states in Markov chain
determines the trade-off between
complexity and accuracy

Transition probability matrix 7' is
easily estimated from driver’s data
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Stochastic MPC results

Deterministic: future power
request = current one = constant

N _Comparison on a standard driving cycle

Fuel,cons. [kg] | % Fuel improv.

FTMPC —

SMPC (static) 13.5%
SMPC (adaptlve) 29.2%
PMPC ~ 29.9%

Stochastic formulation

Exact knowledge
of future uncertainty
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Decentraliz




Centralized vs decentralized/distributed control

Centralized control:

* Need a global model of the overall system (and its maintenance)
e Complexity not scalable with plant size

e Computation complexity may become prohibitive

e Control design hard to commission, start-up, and maintain
(many tuning “knobs”)

e High risk: a single controller is running the whole plant

e Good theoretical properties (e.g. closed-loop stability)
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Centralized vs decentralized/distributed control

Decentralized control:

 Local submodels of system components are enough
e Computational tasks are parallelized, each task is simple

e Data gathering is simpler (local measurements used only locally)

e Commissioning, start-up, and maintenance more practical
(controller updates do not require a whole plant shutdown)

e Global properties (stability, performance) harder to assess, especially in
the presence of input/state constraints

Careful cooperation of controllers is needed to ensure global
properties (such as stability and constraint fulfillment)
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Typical decentralized approach

e Measure/estimate local states

e Compute control actions locally

o Exchange decisions with
neighbors, possibly reiterate
local computations

e Apply the current command
input to local actuator(s)

e Possibly interact with upper Iarge-scale prOceSS

level of decision making
(hierarchical control)

Main issues: Global closed-loop stability ? Feasibility of global constraints ?
Loss of performance w.r.t. centralized control ?
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Decentralized/distributed MPC

: intersampling broadcast state stability
submodels constraints . . e . . authors
iterations prediction constraints constraints
) Alessio, Barcelli,
coupled local inputs no no no none
Bemporad
led local input e n n none venkat, Rawlings,
coup ocal inputs yes 0 0 o Wright
coupled local inputs yes yes no none Mercangdz, Doyle
decoupled local inputs no yes yes compatibility Dunbar, Murray
decoupled no yes yes none Keviczy, Borrelli, Balas
coupled local states no yes yes contractive Jia, Krogh

Alternative approach: distribute the optimization problem associated with the
centralized MPC formulation, instead of distributing the problem formulation

(See Mikae/ s Jecture)
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Distributed MPC of Barcelona water network
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* General overview:

Municipalities supplied 23
Supply area 424 km?
Population supplied 2.922.773
Average demand 7 m3/s

* Network parameters:

Pipes length 4.645 km
Pressure floors 113
Sectors 218
* Facilities

Remote stations

98

Water storage tanks

Valves

Flow meters

Pumps / Pumping stations

Chlorine dosing devices

Chlorine analyzers

European FP7-ICT project WIDE
”DEcentralized and WiIreless Control
of Large-Scale Systems”

European FP7-ICT project EFFINET
”EFFIcient Integrated Real-time

A. Bemporad
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DMPC of Barcelona water network

distributed MPC
algorithm
(optimal solution)

140

120

Time [s]

—e— MPC

—eo— DMPC +groups +central coordinator
—e— DMPC +groups

—e— DMPC +central coordinator

—e— DMPC

Network separation to groups

® Benefits evaluated on 3 days historic data set

® Benefits evaluation is complicated by water accumulation
(different final accumulation for different control strategies)
* To get comparable data MPC was forced to fill tanks to the _
same final levels as in historical data (sub-optimal) g
o

O% . (pumping and water sources)

* Indirect savings by smooth MV’s operation -> leakage
prevention by small pressure surges and reduced
equipment tear & wear ‘

250

200

150

(Trnka, Pekar, Havlena, IFAC 2011)
Honeywell

Sequential Computations

A
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Sampling period [-]

Water Network Operation Costs (3 days)

1 I Purmping

|
200.8 [ |water sources

Legacy strategy MPC strategy

A. Bemporad “Model Predictive Control” - s5th HYCON2 PhD School - Lucca, 1-5 July, 2013 82



WIDE Toolbox for MATLAB

* Networked control systems: modeling, =
stability analysis, linear control synthesis

e Model management of large-scale systems | T e
(model reduction, create submodels, ...) ——| Tt

e Data acquisition from physical WSN :
(Telos motes, E-Senza’s nodes)

e WSN simulation (generate TrueTime code)

e MPC control: decentralized, hierarchical,
network-aware

e Available for public download on September 1st 2011
http://ist-wide.dii.unisi.it/

Honeywell
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Conclusions and open research issues

e MPCis a very rich control methodology, with a variety of variants to handle
different problems (large-scale, decentralized, networked, stochastic, ...)

dynamical + optimization

model algorithm _ IHE

* Open research challenges include:

— Large-scale (and huge-scale) MPC problems
— Distributed optimization algorithms for MPC
— Parallelization of MPC solution algorithms (such as on GPUs)

— Low-power [ low-cost [ high-frequency embedded MPC
(e.g., robust fixed-point algorithms for QP)

— Applications (energy & smart grids, automotive, aerospace, finance, water
networks, ...)
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A. Bemporad

The End

http://cse.lab.imtlucca.it/~bemporad/publications
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